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A REMARK ON REGULAR POINTS OF RICCI LIMIT 

SPACES 

LINA CHEN 


Abstract. Let E be a Gromov-Hausdorff limit of complete Riemann- 
ian n-manifolds with Ricci curvature bounded from below. A point in 
Y is called fc-regular, if its tangent is unique and is isometric to an k- 
dimensional Euclidean space. By [^, there is fc > 0 such that the set of 
all fc-regular point has a full renormalized measure. An open prob¬ 
lem is if IRi = 0 for all Z < fc? The main result in this paper asserts 
that if IRi 7 ^ 0, then E is a one dimensional topological manifold. Our 
result improves the Handa’s result [7] that under the assumption that 
1 < dim_fr(y) < 2. 


1. Introduction 

We call a length metric space, {Y,d,p), a Ricci limit space if it is a 
Gromov-Hausdorff limit of a sequence of pointed complete Riemannian n- 
manifolds, with Ricci curvature RicMf > —{n — 1). In this note, 

we always assume that Y is not a point. In papers misiiaii] , many im¬ 
portant results about such limit spaces have been proven by Cheeger and 
Golding. By Gromov’s compactness theorem, for any point y G T, given any 
sequence ej —0, passing to a subsequence, (Y, ej^d, y) converges to a length 
space, {Ty,0y), denoted by {Y,e~^d,y) —>■ {Ty,0y), and {Ty,0y) is called a 
tangent cone at y associated to ej —0. A tangent cone at y may depend 
on a choice of ej —0, even in a non-collapsing Ricci limit space Y i.e., the 
volume of unit balls at pi, vol{Bi{pi)) > v > 0 for all large i. Examples of 
non-collapsing Ricci limit spaces were constructed in mm whose tangent 
cones at a point in Y are not isometric or even not homeomorphic. In a col¬ 
lapsing sequence, vol{Bi{pi)) —>■ 0, tangent cones at a point in Y may have 
different Hausdorff dimensions ([2])- If all tangent cones at a point, y € Y, 
are isometric to for some integer k, y is called a k-regular point. The set 
of k-regular points in Y is denoted by IRfc. A point in Y is called singular 
if it is not a regular point. The set of singular points in Y is denoted by §. 
By Gheeger-Golding ([2]) and Golding-Naber ([5]), there exists an integer 
k such that is dense in Y and has a full renormalized measure (Lemma 
2.2(2)). However, it is still open whether IR; 7 ^ 0, for some I 7 ^ k. 
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The main result in this note asserts that if IRi 7 ^ 0, then U/^ 2 ^ empty. 
Furthermore, T is a one dimensional topological manifold with or without 
boundary. 

Theorem 1.1. Let Y be a Ricci limit space. // 7 ^ 0 , then Y is a one 
dimensional topological manifold with or without boundary. 

Corollary 1.1.1. Let Y be a Ricci limit space of Hausdorff-dimension k > 
2. Then IRi = 0. 

Let v denote a renormalized measure (see section 1 of [2] for the definition 
of renormalized measure). A geodesic in Y is called a limit geodesic if it is 
the limit of geodesics in Mj. 

Corollary 1.1.2. Let Y be a Ricci limit space such that the renomalized 
measure ufY \ 3 ^ 2 ) = 0- Then, for any x,y ^ Y, and any limit geodesic 7 
connecting x and y, interior points of 7 are all in 3^2 or all in the singular 
set S. 

Theorem 1.1 improves Theorem 1.1 in [7], where Honda proved that if 
1 < dimi 7 (y) < 2, then T is a one dimensional topological manifold. Note 
that 1 < dimi 7 (y) < 2 is equivalent to that \JlT 2 = 0 ([3], [7]), both 
imply that 3?i 7 ^ 0. We noticed that in [7], Honda claimed (page 3 in [7]) 
that in a paper under preparation, he can proved Theorem 1.1. 

Our proof uses the following splitting theorem of Cheeger-Colding m), 

Theorem 1.2. ([T]j Let (y, p) be a Gromov-Hausdorff limit of a sequence, 
with RicMf > —{n — ^0. If Y contains a line, then Y 

splits isometrically with a M^-facor i.e., Y = x A for some length metric 
space X. 

Using Theorem 1.2, we show that for x € 3?i, there exist e = e{x) > 
0, r(e) > 0, such that if r < r(e), € Ar-2er,r+2er{x) = Br+2er{x) \ 

Br-2er{x), with d{y~^, x) + d{y~, x) — d{y~, y~^ ) < 7er, then x lies in every ge¬ 
odesic connecting y~ and y"*" (Lemma 2.1). Together with some applications 
of the sharp Holder continuity on tangent cones obtained by Colding-Naber 
(Lemma 2.2)([5]) and a similar argument to [7], theorem 1.1 can be proved. 

Remark 1.1. /n [9], Kitabeppu and Lakzian proved a similar result of The¬ 
orem 1.1 for a more general metric spaces (including Ricci limit spaces) via 
a complicated argument, because the continuity of tangent cones along the 
interior of geodesic may not hold. Our proof is simple but may not extend 
to their case. Nevertheless, Lemma 2.1 still holds in the setting of [9]. 

The author would like to thank professor Shouhei Honda for his interests 
in this paper and for his useful suggestion that leads to Corollary 1.1.2. The 
author is grateful to Professors S. Honda and Tapio Raj ala for bring her 
attention to [9]. 
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2. Local structure of 1-regular points 

Let X G 3?i. By definition, for every e > 0, there is r(e) > 0 such that for 
any r < r(e), 

dGHiBrix),B^{0)) < er, 

where B^{0) C Let ei be the standard basis in Hence for every 
e > 0 , r < r(e), there are x+,xL € B^ix) such that (i(x^,±rei) < er. 
Consequently, 

\d{x^,x) — r\ < er, 

d{x'^,x) -|- d{x~,x) — d{x^,x~) < 3er. 

Lemma 2.1. Let (Y, d), x € ILi, x“ he as in the above. Then there exists 
eo > 0 such that for any e < cq, r < r(e), and any 

{y^,y~) G B^rix+) X B^r{xf ), 

any geodesic 7 from yi to 2/2 passing through x. 

Proof. Arguing by contradiction, assume that there are e^ —>■ 0, r^ 0, 
S B^^nixf.) X B^.r^ix-), and a geodesic, 7 *, from yf to y~ such 
that X ^ 7 i. 

By the triangle inequality, 

\d{yf,x) - ri\ < 2€iri, \d{yf,x) - ri\ < 2eiri, 

d{yt^x) + d{y~,x) - d{yf,y~) < 76^. 

Passing to a subsequence, we may assume that 

(y,r"^d,x) ^ (M, 0 ), 

and yf —)• ± 1 . 

By assumption, Si = d{x,'yi) > 0. From the above there is 7 i(ti) such 
that d{x,'yi) = d{x,'yi{ti)) and 

Si < mm{d{x,yf),d{x,y~)}. 

Thus Si ^ 0, as i —>■ 00 . Without loss of generality, we can assume that 

(T, Sj ^d,x) —>■ {Tx,0x). 

Observe that sf^'ji converges to a line in which has distance 1 from Ox. 
By Theorem 1.2 m), Tx is isometric to M x W, and because Ox is not on 
the line, W is not a point; a contradiction to x G IRi. □ 

To conclude Theorem 1.1 from Lemma 2.1, we will also need the following 
results of Colding-Naber ([5]). 

Lemma 2.2. f]5] j If Y is a Ricci limit space, then 

( 1 ) for u X u almost every pair (01,02) G Ai x A2, where Ai and A 2 
are subset ofY that contained in a bounded ball, there exists a limit 
geodesic from oi to 02 whose interior lies in some Hi, I is an integer; 

(2) There is an integer k, such that v(Y \ = 0. 
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Let W£fc be the set of points, y £ Y, such that there exists a tangent 
cone at y which is isometric to x hh and W is a length metric space. Let 
W£ , = W£fc \ Oik. 

Remark 2.1. 

( 1 ) As an essentially direct consequence of Cheeger-Colding’s work in 

mm, Honda m) pointed out that if x € then for all r > 0, 

n (Ui>A:+i ^0) > 0- Consequently, if = 0, then 

W£t . = 0, especially, Ik; = 0, for alll>k + l. 

(2) By Lemma 2.2 (2), almost every pair of points in Y can be connected 
by a limit geodesic whose interior is in 

Proof of theorem 1.1. We complete the proof in two steps. 

First, we claim that for x € IRi, there exists r = r(x) > 0, such that 
Br{x) is isometric to (—r, r). 

Let x £ 3li,xf,xf,eo,r(e) be chosen as in Lemma 2.1. Then for any 
{y^,y~) £ B^rix+) X B^r{xf ), 

where r < r(e) and e < cq < any geodesic, 7 , from y~^ to y~, we have 
that X € 7 . By Lemma 2.2(1), we can assume {y^,y~) £ B^r(xf) x B^r{xf) 
and a limit geodesic 7 from y'^ to y~ whose interior is contained in IR; for 
some integer 1. Since x G 7 fl IRi, we have that I = 1 i.e. the interior of 7 is 
contained in IRi. 

Next, we shall show that for r < Br{x) is isometric to 7 |(_t-^.,-), 

where 7 is in above with a reparametrization such that x = 7 ( 0 ). If Br{x) is 
not isometric to 7 |(_t-^,-), then there is a point y £ Br{x)\'y. We may assume 
z £ 'y such that d{y, z) = d{y,'y). Observe that for every small <5 > 0, there 
are € 7 such that d{z~,z^) = d{z~,z) + d{z,z~^) and d{z^,z) = S, and 
tc in a geodesic from z to y such that d(w,z) = 6 (note that d{z^,w) > 6). 
Consequently, the tangent cone at z associate to <5 —>■ 0 is isometric to M x VF 
and W is not a point; a contradiction to z G IRi (compare to the proof of 
Theorem 4.3, 0)- 

A by-product of the above is that geodesics in Y do not branch. By 
Lemma 2.2(2) and Remark 2.1(1), W£ ;^ = 0. Consequently, any interior 
point y in a geodesic has a a neighborhood isometric to (—t, r) (no branching 
at y). This allow us to uniquely extend any geodesic in T to a maximal 
geodesic. 

Secondly, we will show that Y\'~/ = 0 i.e., T is a one dimensional topolog¬ 
ical manifold. Arguing by contradiction, assume y £ Y \ 'y and z G 7 such 
that d{y, z) = d{y, 7 ). If z is an interior point of 7 and cr is a geodesic from 
2 ; to y, then z £ Oli and there exists 5 > 0, such that Bs{z) is isometric to 
(—6,6). Thus (t((5) G 7 and d{y,a{6)) < d{y,z) — <5, a contradiction to that 
d{y,z) = d{y,'y). If 2 ; is one end of 7 , then a similar discussion yields that 
for any w lies in the interior of 7 , a geodesic from tc to y is the union of the 
piece of 7 from w to z and a geodesic from z to y i.e., 7 extends through z, 
a contradiction. □ 
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Proof of Corollary 1.1.2. Let x,y &Y, and 7 be a limit geodesic connecting 
X and y. Let p be an interior point of 7 , then p € W£i. Since p(y \ 3 l 2 ) = 0, 
by Remark 2.2(1) and Theorem 1.1, for any z 7 ^ 2, IR* = 0. If p € S, there is 
a tangent cone, Tp = x W, at p satisfies that dimj 7 (VL) > 1 (otherwise 
p e Jli m- Thus by Proposition 3.37 in [ 8 ] and Theorem 1.1, for any 
renormalized measure Pqo in Tp, Voo{Tp \ IR 2 ) = 0. By splitting theorem 
(Theorem 1.2), using an argument as the proof of Theorem 1.1 (see also 
Theorem 4.3 [7] ), we have that Tp is isometric to the half plan or Then 
by the sharp Holder continuity on tangent cones obtained by Colding-Naber 
([5]), we easily conclude the proof. 

□ 
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